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Random Infinite-Volume Gibbs States for
the Curie—-Weiss Random Field Ising Model
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An approach to the definition of infinite-volume Gibbs states for the (quenched)
random-field Ising model is considered in the case of a Curie-Weiss ferro-
magnet. It turns out that these states are random quasi-free measures. They are
random convex linear combinations of the free product-measures “shifted” by
the corresponding effective mean fields. The conditional self-averaging property
of the magnetization related to this randomness is also discussed.
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1. INTRODUCTION

The description of infinite-volume equilibrium (Gibbs) states of the models
in classical statistical mechanics makes use of the general notion of limiting
Gibbs measures (states). These were characterized quite generally for the
systems with “bona fide” interactions as measures by Dobrushin—Lanford—
Ruelle (DLR) equations; see, e.g. refs. -5 and Appendix A. For such
systems the whole set of limiting Gibbs measures coincides with the closed
convex hull of the set of all weak limits of finite-volume Gibbs measures
(first introduced in refs. 6 and 7) subjected by local specifications to various
boundary conditions. On the other hand, for models of the mean-field type
(like the Curie-Weiss ferromagnet), where the interaction depends on the
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volume and where there is no notion such as interaction in the infinite
system, one cannot define limiting Gibbs measures via DLR equations.
Therefore, to construct the infinite-volume equilibrium states in this case,
one has to exploit weak limits of finite-volume Gibbs measures or
Kolmogorov’s existence theorem. %19

In the case of a homogeneous external field a set of all limiting Gibbs
states was constructed in ref. 8 for ferromagnetic Ising and in refs. 9 and 10
for ferromagnetic n-vector Curie-Weiss models by means of a generalized
quasi-average method.

As indicated in ref 11 and recently, in more general framework, in
refs. 12 and 13, the Stormer—de Finetti theorem*) allows one to charac-
terize the infinite-volume states by the Gibbs variational principle for a very
general class of homogeneous (quantum) mean-field systems.

Recently there has been considerable interest in the rigorous study of
the thermodynamics of lattice spin systems in the presence of frozen-in
random external fields.('>**) This randomness is referred to as quenched. In
contrast to a homogeneous field, quenched random-field models can
manifest a very nontrivial behavior. Recently, the rounding effect of a
first-order phase transition in quenched disordered systems has been dis-
covered."?) Specific implications are found in random-field Ising model
(RFIM). By refined arguments it is rigorously shown that for D<2 an
arbitrary weak quenched random field suppresses the first-order phase
transition. For all temperatures the infinite-volume Gibbs state (IVGS), for
D <2 RFIM, is unique for almost all (a.a.) field configurations.

The aim of the present paper is to elucidate the problem of construc-
tion and description of the set of IVGS for the Curie-Weiss version of the
ferromagnetic RFIM. Though Curie-Weiss RFIM has been studied from
different points of view (see, e.g., refs. 9, 10, and 20), including the problems
of self-averaging and fluctuations,'®2"??) as far as we know, no complete
constructive description of all its IVGS exists.

Here we develop our approach to IVGS for the Curie-Weiss RFIM
started in refs. 23 and 24 stressing that besides the random external field,
these states depend on an additional random parameter. A particular
manifestation of this additional randomness is violation of the self-
averaging property, €.g., for magnetization.

In ref. 23 we proposed the notion of conditional self-averaging to cover
this case.

Definition 1.1. Let {¢,},-, be a sequence of random variables
defined on a probability space (%, B(Z£), 1). We say that this sequence is
partially (conditionally) self-averaging if there exists a sequence of finite
partitions {@,= {D}*_,},., of the space # such that for conditional



Random infinite-Volume Gibbs States 141

expectations {E(¢,/%,)},~, we have the following convergence in
probability A:

lim (¢,—E(4,19,) =0

and lim,, _, , A(D) exists for each i=1, 2,.., k.

Remark 71.7. The above construction is equivalent (see, e.g., ref 25)
to the following: there is a random variable ¢ defined on a probability
space (#', B(#'), A') such that:

(i) ¢,—> ¢ in distribution as n — .

(i) There exists a finite partition 2,={D,, D,,..,D,} of #,
generated by the random variable ¢, ie., ¢(-)=>5_ | y.I,(-),
where I,(-) is the indicator of the event D and J*_, D,=#'.

If this partition is trivial, k=1 and #=%’, then one gets the standard
self-averaging.'*'” In this case d-convergence in (i) is equivalent to the
convergence in probability A and one can often prove the convergence with
Pr=1, ie., A-almost sure (4-a.s.); see, e.g., refs. 15-17.

The main thesis developed in the present paper is the following: the
IVGS for the Curie-Weiss RFIM are random measures (on the space of
infinite spin configurations with corresponding c-algebra of measurable
subsets) which, as random eclements, are defined on an appropriate
probability space; see Section 2. There we introduce a general concept of
random IVGS and propose two definitions of them (see Definitions 2.1 and
2.2) relevant to the problem. Two points are important there. The first is
the view of the IVGS as accumulation points of the sequences of finite-
volume Gibbs measures. The second is to consider the random IVGS as a
limit of the random finite-volume Gibbs measures corresponding to a
sequence of the RFIM Hamiltonians. In Section 3 we illustrate the
relevance of Definition 2.2 to the case of random IVGS for the Curie-Weiss
RFIM. The regularity condition that is the key to the correctness of our
construction (see Theorem 3.2) resembles the comsistency condition by
Aizenman and Wehr.(*®) The structure of the random IVGS is analyzed in
Section 4. Using the explicit representation for the finite-volume Gibbs
state, we show that the IVGS for the Curie-Weiss RFIM are random
mixtures of the pure states which are infinite product measures correspond-
ing to the free Ising model in homogeneous fields. In Section 5 we consider
a particular example when the external field is a stationary sequence of
dichotomous random variables. The thermodynamics of this model was
investigated in ref. 20. In Appendix A we collect some basic definitions and
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properties of the probability measures on the space of the infinite Ising spin
configurations (limiting Gibbs measures). The Laplace method for the case
of Curie-Weiss RFIM is presented in the expositive Appendix B.

2. SETUP AND STATEMENT OF THE PROBLEM

Let (2, o/, p) be a probability space and let h(-)={h;(-)},;., be a
sequence of independent identically distributed (R-valued) random variables
(iid.r.v.) defined on this space. Here Z is an arbitrary integer lattice and
the distributions F (x) = p{w: h;(w)<x} are identical for all je Z. Then
the probability space (R%, &, /L) with the Borel g-algebra # = #(R%) and
the infinite product measure dA =[] ;.  dv; with identical one-dimensional
marginals dv;(x)=F, (dx) corresponds to the random field of configura-
tions h(-): Q—»RZ Below we shall denote by h(w) (or simply by h for
short) a realization of the random field h(-), which corresponds to w e Q.

Let AcZ be a finite subset with cardinality |4| = N. Then the free
Ising spin system in the external field h(w), weQ, is defined by the
Hamiltonian

HP(s" h(w)= =Y hi(w)s, s;= +1 (2.1)

jeAa

where s”={s,},.,e¥"={~1; +1}". Hence, by the definition of the
Gibbs state [see Appendix A, Eq.(A.1)] the finite-volume free Gibbs
measure for a fixed configuration h(w) has the form

H exp(Bs;h;(w))

PY(s h(w)) = 2 cosh fh, (o)

(2.2)

jed
The Hamiltonian (2.1) and the measure (2.2) for the free RFIM are inde-
pendent of the external spin configurations s? [cf. (A.1)]. The Curie-Weiss
RFIM corresponds to the perturbation of (2.1) by the Curie-Weiss (CW)
Sferromagnetic interaction:

H ,(s*; h(w)) Z 5.85,— Y hi(w)s; (2.3)

leA jed

Here we impose the empty external conditions, otherwise the Hamiltonian
(2.3) is ill-defined because of the infinite-range interaction.

The equilibrium properties of the system concern infinite-volume Gibbs
states corresponding to typical configurations of the external field h(-)
and the free energy density f(f;h(w)) in the thermodynamic limit,
t-lim(-) =lim 44 z:

f(ﬁ;h(w))=t-lim{~ﬁ—1ﬁln ) exp[—ﬁHA(S";h(w))J} (2.4)

sle o4
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By the strong law of large numbers (SLLN) (see, e.g., ref. 25), the free
energy density (2.4) for the free RFIM (2.1) is A-almost surely (4-a.s. or
with Pr=1) independent of the fixed configuration h(w) (self-averaging)

SOB; () "2 —p- f Fy(dx) In(2 cosh ) (2.5)

To construct for (2.1) the infinite-volume Gibbs states, we can follow the
standard scheme outlined in Appendix A.
Let

S=5|A=(5)ies, A=I\A

be a spin configuration outside 4 and ¥%(5) be the set of infinite spin
configurations coinciding with a fixed §* for i e 4. Then the extension of the
measure (2.2) to the Borel o-algebra #(¥), & = %, is

PQ(A;h(w)) = Y PO(s*; h(w)), AcB(¥) (2.6)

stem (4 n Fi(8))

Here n,:s—s% Let C,(B) be a cylinder set with support I and base
Be %’ Then by (2.2) and (2.6) one finds that for C,(B)e C(¥)

expl shy(@)] _

PRdCBr@) = X 115 05 @) = (CBsh@) 1)

s‘eB jel

is independent of §7 for all A4 = I. Therefore, by Proposition A.1 the prob-
ability measure PO(-;h(w)) is a wunique weak limit of the sequence
{PQ;h(w))} 4z when A1Z, for any fixed configuration h(w). Hence,
by Definition A.1 for each fixed configuration h{w) the probability measure
PO(.;h(w)) on B(F) is a unique infinite-volume Gibbs state corresponding
to the free Ising spin system (2.1).

Remark 2.7. Let the Hamiltonian H ,(s; h(w)) be independent of
the configuration outside A. Then, in spite of the explicit dependence of
the extension P, ¢(-;h(w)) on §7, the limiting measure P(-;h(w))=
-lim P, <(-; h(w)) is independent of configuration §. To verify this, notice
that for any cylinder set C,(B) with support Ic< A one gets
7 4{C;(B) n #4(8)} = n 4(C,(B)). Therefore,

P (C/(Bh(w)= Y  Pus";h(w))
sten (C1(B))

[cf. (2.6)] is independent of 8. By Proposition A.1, measure P(-; h(w)) on

822/66/1-2-10
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the measurable space (&, B(S)) is uniquely defined by its values on the
cylinder sets:

{#-lim I_)A,§(CI(B); h(w))}, . Z.Bes!

It is clear that we obtain the same result if we follow the line of
reasoning of Proposition A.2. The family of marginals

pO(B; h(w)) = lim BO(Bx M\ h(w)) = PO(n;'(B); h(w))  (2.8)

Be ("), |I'| <o, satisfies the conditions of Proposition A.2 and the
limit (2.8) is unique for a fixed configuration h(w). The corresponding
IVGS is again a unique infinite product measure P(-; h(w)) [see (2.7)]
indexed by configurations of the random field h(-).

The above observation could motivate the following generalization of
Definition A.1 for systems with Hamiltonians depending on random
parameters, €.g., on the random external field h(-) defined on probability
space (2, 7, p).

Definition 2.1. If for a fixed boundary condition § and for
p-almost all w the sequence of probability measures {P, (-;h(w))},s, on
#(&) has a unique weak accumulation point Pg(-; h(co)) then we call the
random measure P (-;h(:)) a random infinite-volume Gibbs state for the
random Hamiltonians H , ((s*; h(-)).

If there is a set A<=, p(4)>0, such that the sequence
{P 1s(-;h(w))} 4, for w € A, has more than one (weak) accumulation point,
then we encounter difficulties in interpreting them as realizations of some
random IVGS, ie., a measure-valued random element defined on the
probability space (£2, &, p).

Remark 2.2. Let the DLR equation for the random Hamiltonians
{H,(s?;h(-))}, [see (A.2)] have sense for p-almost all (p-aa.) weQ.
Then we could resolve the above-mentioned difficulties by restricting con-
sideration to some sufficient subset of boundary conditions §. Let the DLR
equation have solutions {P,(-;h(®))},c 1) for p-aa. weQ and there
exists the set {5,},. 4 of boundary conditions (sufficient subset) that the
set of the weak accumulation points of the sequence {P,(-;h(w))} .2
reduces to the unique measure Py(-;h(w)) for any s€ {§,},.,, and

{Ps,‘( h(CO) }ueM {P( h(w))}aeA(cu)

for p-a.a. we Q. Then for any boundary condition §,,, s e M, we can define
a random IVGS as a measure-valued random element Pgﬂ(-;h(a))); see
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Definition 2.1. If card M > 1, then the random infinite-volume Gibbs state
is nonunigue.

But for the CW RFIM (2.3) the situation is even worse: we cannot use
the DLR equation in this case (see Remark A.1) and the only reasonable
boundary condition for this model has to be empty, i.c., no spins outside the
set A. Formally this corresponds to {s;,=0},. z; see (2.3). The above obser-
vations motivate the proposal of another construction defining IVGS for
random spin systems, in particular, for RFIM.

Definition 2.2. Suppose that for any cylinder set Ce C(¥) ran-
dom variables {P ,(C;h(-))}, on (2, o, p) converge (for A1 Z) in some
o-sense to the random variable P.(C;-) on (X, #(X), r). If for r-aa. ye X
there exists a probability measure P(-;y) on %(¥) such that
P(C; x)=P:(C; y) for any Ce C(S), then the random measure P(-;-) we
call a random infinite-volume Gibbs state, corresponding to the family of the
finite-volume Gibbs states {P, (-;h(-))} ,.

Here we have to detail the boundary conditions denoted by §. For CW
ferromagnets they are “empty” and we shall drop §. The second point is to
specify the o-sense. E.g., for the free RFIM, o-sense means p-a.s. (even for
all we Q). Then Q= X, a (unique) probability measure P(-; w) exists, and
Definition 2.2 gives the same as Definition 2.1.

3. CURIE-WEISS RANDOM FIELD ISING MODEL
For any fixed we® by the standard linearization trick'*® the

finite-volume Gibbs state for the Hamiltonian (2.3) and empty boundary
condition can be expressed as [cf. (2.2)]

Po(s":h(@))=[ | pwaldy:h()) PP h(w) + ) (3.1

Here (h(w)}+ y);cz=h;(w)+ y and p,(dy; h(w)) is a probability measure
with density

t4(dy; h(w)) exp[ — NG 4(y; h(w))]

& Jw dr exp[ —BNG (3 h(@))] (3:2)
where
1 1
Gulyih(@) =357 =70 T meosh[flh(@)+ )] (33
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Now, using (2.6), (2.7), and the explicit expression (3.1) we can extend the
finite-volume Gibbs measure (3.1) to the Borel o-algebra #(%):

PA(A;h(w))=fouA(dy;h(w))Fﬁ?,’g(A;h(w)er), AeB(L) (34)

Here § is any infinite confinite configuration. [ As mentioned in Remark 2.1,
in our case the limiting measure P(-;h(w)) is independent of extension. ]
For the measure of any cylinder set C,(B), IS4, B€ ¥’ one gets
[cf. (2.7)]

PAC/(BY W)= juldyi) POC,(B b+ ) (3.5)

By compactness arguments (see Proposition A.1) for any fixed configura-
tion h and A1Z, there is at least one subsequence {P, } 5 such that
pP,=P,.

To describe the limiting measures (infinite-volume Gibbs states) {P,},
in an explicit way, we need the following statement.

Theorem 3.1. Let the probability measure dv, for the quenched
random external field h (see Section2), be such that jkldv(x) |x| < 0.
Then for Z-a.a. configurations h there are subsequences {A4,(h)1Z}, such
that p 4 ) (dy; h) = p.(dy; h) and, i-as.,

Supp p, < 4 (v, f) = {yoe R: min G(y) = G(yo)}
where [cf. (3.3)]

G(y):lyz—lf dv(x)In cosh[ B(x + y)] (3.6)
2 ﬁ R!

Proof. By Lemma B.1, for A1Z one gets G ,(y; h) Lo G(y) and this
convergence is locally uniform in yeR. Hence, by definition (3.2) and
Eq. (3.6), for any ¢ >0 there exists compact K <R such that for A-a.a. con-
figurations h and all large enough A4 = Z we have u,(R\K; h) <e Then the
first assertion of the theorem is a consequence of Prohorov’s compactness
theorem®® for each h from the above-mentioned set of the A-a.a. configura-
tions. According to Corollary B.2, we have

J, oty ) g(3) 225 0

for any continuous function g with a compact support such that
suppgn (v, B)={&}. Thus, any accumulation point p.,(dy;h) of
the sequence {u,(dy;h)} 4 has support in .Z(v, ). 1
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Corollary 3.1. For i-a.a. configurations of the quenched field h the
set of infinite-volume Gibbs states {P,}, for the Curie-Weiss RFIM is
nonempty and they are quasi-free, i.e., (linear convex) superpositions of the
shifted free states [cf. (3.5)]

1"96(1‘1;11)=JRl f(dp;h) PO(Ash+ y),  AeB(S) (3.7)

where weak limits {u,(dy;h)}, are defined by Theorem 3.1.

Proof. Let for a fixed h from the i-a.a. configurations of Theorem 3.1
P 4= P,. Then by this theorem there is a subsequence {u Av} 4, (Where
{4,} is a subsequence of {A4,(h)}) such that u, = u,. For any cylinder set
Ce C(¥) there is a large enough A, >supp C that for all 4,(>4,)TZ we
can use (3.5). Hence, by the weak convergence of the sequence {u Av} A5 4,
one gets P 4(C;h) —»Pa(C;_h), where P, is the quasi-free state defined by
(3.7) and consequently P, ) (C;h)— P,(C;h). The last observation,
together with Proposition A.1, completes the proof for any Borel set
AeB(Z). |

Remark 3.1. Let (v, B)={yo(p)}, ie., the function (3.6) has a
unique minimum. Then for A-a.a. configurations h the sequences
{u dy;h)}, have a unique (nonrandom) accumulation point
1. (dy;h)=0(y — yo(B)) dy. Therefore, in this case we get for the
Curie-Weiss RFIM the (unique) random IVGS (see Definitions 2.1 and
2.2) which, according to (3.7), is a “‘shifted’’ free state:

P(A;hy=PO(4;h+ y,), AeB(F) (3.8)

Remark 3.2. Let, for instance, .#(v, )= {yo,(B), yo2(B)}; see
Section 4 and example in Section 5. Then Theorem 3.1 describes a general

structure of the weak accumulation points {u,(dy; h)}, of the sequence
{uq(dy; h)} , for -aa. h:

Ha(dysh) =w- Lim g (dy; ) = [1,0(y = yo)
Au(h)TZ

+(I=1)0(y—yor) 1 dy (3.9)

Here the coefficients 7, € [0, 1] depend, in general, on the particular choice
of subsequence {A,(h)} for a fixed h(w).

Therefore, it is important to investigate the relevance of Definition 2.2
for the case when the set .#(v, ) contains more then one point.

Let the o-sense in Definition 2.2 coincide with

P, (C;h(-)) -5 B(C;-), CeC(¥)
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as A1Z, in distribution. Here f,,——d—> ¢ means that lim, , , Ef(£,)=Ef(&)
for any bounded continuous function f(-); see, e.g., ref 25. Then, in
general, (2, o, p)# (X, B(X), r) and P ,(C; h(-))J{—» P(C;-) means that
P(C; ) is a symbol (representative) of the family {FC(C; 9} ¢ of all random
variables with the same distribution function r{P,C;-)<x}=
r{P(C; )< x}, VxeR. Therefore, in this case in general, the random
variables

pr(M;-)=dlim 5 P,(n, o (M); h(-))
do not inherit additivity or consistency of the finite-volume marginals
{PA(TEAOTCI:l(M);h('))}A:F’ MecB(F")

For example, the marginals p (M;-) and p (M xSL;.), A>T,
Me#B(#T), can be realized on (X, #(X),r) as independent random
variables.

Suppose there exists measure u(dy; -) on (X, 4(X), r) such that for the
random measures u ,(dy; h(-)) we have

[ b o) =5 | pldyi) o(9) (3.10)

as A1Z, and ¢ e C(R). It is clear that if in the family of all possible (weak)
d-limits of the sequence {u,}, we fix a representative p*(dy; x), x € X, then
for this unique and independent-of-I" representative, the marginals

PHOM)=| w(dyi ) POnr (M) h(@)), Med(&T) (3.11)

for each fixed 7= (y, w)e X x Q, are a consistent family of the probability
measures on (7, #(¥")), I'cZ. Hence, by the Proposition A.2 there
exists a (random) probability measure on (&, #(%)) that has the form

Pi"(-;h(w))=JRxu*(dy;x)P‘O)(-;h(w)), (r-o)eXx2 (3.12)

Let [I={iy,iy,..,i,} be a finite subset of Z and D(h,)=
(®7_h,)®R*\ be the subset of configurations {A;};,.,=h with the
fixed realization ®7%_, A, on I Then u,(dy;h|h,) is a random measure-
valued function on the probability space (D(h;), #(Dh,)),T1;czv)
defined by restriction to D(h,): u(-;hlh) = pu,(-;h)| D(h,).

The following statement establishes sufficient conditions for conver-
gence of the random variables {P ,(C;h(-))},, Ce C(&), in distribution.
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Theorem 3.2. Suppose that for any finite subset / = Z the sequence
{u(dy;h(-))} 4 satisfies the regularity condition for some measure u(dy; -)
[cf. (3.10)]:

[, 1al@ihB) 00) =5 | wdvino(),  ecCR)  (313)
as A1Z. Then for any cylinder set Ce C(¥) and A1 Z one gets
PACH() 5 PACR()) =] uldy: 1) POCHC)+y) (314)

[see also (3.12)].
Proof. By Eq. (2.7) for any Ce C(¥) we get

PO(C () + y)=PC;hy () + y)e C(R) if suppC=1I.c4

Here h; =h|/.. Then by Eq. (3.5), P,(C;h)=(PC;h+ y)),,, where
{~ D, = It ta(dy; B)(—). Hence, by (2.7), P ,(C; h) = CPO(C; hye + 3)),,
and by the definition of restriction to D(h;.) one has

CPOCihet 3D, = [ waldy: bl PO(Cihy+y)  (315)

Therefore, using the regularity condition (3.13), we get for (3.15) that
(POCs b+ 3) >, = (POCi b+ 9)), (3.16)

when A1Z. This proves the assertion (3.14) because PO(C;h, .+ y)=
PO(C;h+ y); see (2.7). N

4. RANDOM INFINITE-VOLUME GIBBS STATES

To get explicit formulas, we consider a particular case when card
A (v, B)<2; see Remarks 3.1 and 3.2.

Theorem 4.1. Let h(-)={A;(-)eR'},., be a sequence of iid.rv.
[corresponding to external (quenched) random field for the Curie-
Weiss model (2.3)] defined on the probability space (€, «/, p) with
v(x)=p{weQ: hj(w)<x} satisfying [pi dv(x)|x|<oo. Let the function
G(y), (2.6), be such that .#(v, )= {yo:, Yoo} and 85G(y)>0, i=1,2.
Then the sequence {u ,(dy; h(-))}, satisfies the regularity condition (3.13),
where

w(dy; )= {t(x) 6(y — yo) + [1 —t(x)1 6(y — yo2) } dy (4.1)



150 Amaro de Matos et al.

Here #(-)e {0, 1} is a random variable #(-)= {0, 1} with Pr(¢(-)=0)=
Pr(z(-)=1)=73; cf. (39).

We start the proof with the following result.

Lemma 4.1. Let .#(v,f) = {yo}7, and 3G(yo) = k; >0
(i=1,2,.., m). If for each yy; € .#(v, f) and for p-a.a. w e Q2 there exists the
sequence { '}, such that 8,G 4(y3; h(w)) =0 and p§ - yo;, as A1 Z.
Then the random variables

A 400, j;h(-)) = B /N [G4(r§25h(-))
—GA(yoj’ h(-))], Lj=1,2,..,m (4.2)

converge in distribution,

d

lim 4,(, j;h(-)) = A4(0; D) (4.3)
AtZ

to the Gaussian random variables with zero mean and variance D, and
for J-aa. (dA=]1;.24dv) configurations h each of the events
{4, j;h)y< —C} and {4 ,(i, j;h)> C} occurs for infinitely many terms
of the sequence {4 ,(i, j;h)}, for any C>0.

Proof. Expanding the function G ,(y;h) of (3.3) around the point
Yoi» ONE gets

2 qnG () _ o
G yo,),h Z yO:a )(yOz yOz) O(y(()fn‘yo,')B (44)
Z n!

Now, applying the law of the iterated logarithm to the sum of the iid.r.v.

dGA(ym;h('))__l _ .
TEEES =0 Y D tnh Bathi(D] - (49)

04,:(h(-))=
(here E[tanh B(yo, +h;(-))]1= po; by definition of y,;) we obtain that
g, (h)=0(N~'2%%) for A-aa. configurations h and &>0. According
to Lemma B4, for JA-aa. configurations h we have the estimate
0 — yo;=o(N~'2%¢). Therefore, we can represent (4.2) as follows:

ot cosh B(yo +hy(-))
AA(l,J,h(-))—\/—Ng:A[ncoshﬂ(ym_l_hl(_))

—Eln cosh ﬁ(y0j+hl(.)):|+0(NAl/2H) (4.6)

cosh B(yo; + h,(+))




Random Infinite-Volume Gibbs States 151

Hence, the assertions of the lemma are a consequence of the central limit
theorem and the law of the iterated logarithm. §

Proof of Theorem 4.1. First of all, let us note that the existence of
the sequence {y§’},, which we need for the validity of Lemma 4.1, is the
assertion of Corollary B.1. Using the explicit formulas (3.2) and (3.3), we
get for the “conditional” measure u ,(-; h(-))|D(h,) the following represen-
tation:

tia(dy; h(-)[h))
]._[jeICOSh ﬁ(y+ﬁj) CXPE_BNGA\I(J’; h(-))]

= — d 4.7
T @ [1,-, cosh B(y + /i) expl — BNG 1, (i )91 2 *7)
where
1
G u(y;h())= 5V _ﬁ_NJEZA:\,IHCOShﬁ(h( )+ »)

Then, by the Laplace method (see Lemma B.3) and (4.2) we obtain for the
left-hand side of (3.13) that

J. 1ty BB @) = L4(h() @(3§0) + [1 = 4(h()]
xo(y5’)+ 0N~ (4.8)
as N — oo, where the random variable

B 02G (y§Psh(- )T
’A("('”‘{”[azc (yg;”,h(-))}
cosh ﬁ(J’oz)"'h ) cosh ﬁ(J’ol)+h (-))
jer cosh B(y§ + ;) cosh B(y§y) + hy(+))

xexpl—y/N 442, 1; h(-m}_l (49)

Therefore, using the conditions 6ﬁG( Yo:) >0, i=1,2, Lemma B.1, and
Lemma 4.1, for any ¢ >0 we can estimate by (4.9) the probability p,:

= lim Pr{r,(h(-))e ¢, 1 —¢]}

< lim Pr{|4,(2, 1;h(-))| <3}

N-—>

1 J dre ( x? )
= xexp| —
(27[D21)1/2 [~5,6] P 2Dy,
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for any arbitrary small § >0. Hence, p,=0 and ¢ ,(h(-)) LN 1(-)e {0;1},
as A1Z, where, by symmetry of the distribution of the random variable
(4.3), one gets Pr{z(-)=1}=Pr{#(-)=0} =1 |

Corollary 4.1. The random infinite-volume Gibbs state (3.12) in
this case has the quasi-free form [see (3.14), (4.1)]:

P () =t(x) POCsh+ po) + (1= ()1 PO h+ pgy)  (410)

where #(-)=0, 1 is dichotomous random variable with equal probabilities
for 0 and 1.

Remark 4.7. Distribution (4.10) is independent of the limiting
convexity (strength of minima; see Definition B.1) lim 4, 2 &2G Ay$Pih)=
¢,>0, i=1,2, in the vicinity of the minima {yq},_, ., as well as of their
positions and finite configurations h,, h, [see (4.9)]. A more complicated
situation corresponds to the case when the fype of at least one of the
minima is greater then 1; see Definition B.1.

Remark 4.2. If card #(v,)=m>2, then even in the case of
minima of the first order we encounter a more complicated situation. Using
the same arguments as above, we obtain that in the limit 411 Z

m

wa(dysh()h) == Y 0C) 8y —yo)dy, T 19()=1 (411)
i=1 i=1

For the coefficients t)(.) e {0; 1} a formula similar to (4.9) holds true. But
in this case (m>2), we have more than one random coefficient; see (4.11).
Therefore, to get an explicit formula for u(dy;-), we have to calculate a
joint distribution for these coefficients. It turns out that {z(-)}7., are
dependent random variables and the calculation of the corresponding joint
distribution is a rather difficult problem.

Remark 4.3. 1If card # (v, f)=1, we return to Remark 3.1 and get a
(unique) random free Gibbs state (3.8).

Summarizing the above, one concludes that the IVGS constructed
above for the Curie~Weiss RFIM is a random mixture of the free states
{POCh(-)+ yo:) }7 |, which are pure product-measures; see Section 2.
The problem of decomposition of the IVGS into pure (extreme) Gibbs
states is one of the main questions of this theory."> The standard
approach for-scanning all limiting Gibbs states is to change boundary
conditions §.{7) We indicated there (see also Section 2) that for the CW
ferromagnet the only admissible one is the empty boundary condition. As
was discovered in refs. 8 and 9 (see also ref. 23), selection of the different
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IVGS of the Curie-Weiss-Ising model can be realized by a different choice
of the infinitesimal external fields (the generalized quasi-average method).
This means that instead of (2.3) one has to consider the perturbed
Hamiltonian

H® =H (s,;h(") zs,, p>0 (4.12)

ieAd

Then the function (3.3) takes the form G?(y; h(-)) =G (y; h(-) = hyN~7).
Hence, expanding G ,(y; h(-) — hyN~?), one gets

GP(rh(-)=G(y;h(-))+hoN~ "N . tanh[B(y +4,

Jjed

+0h,N=?)],  0<f<1 (4.13)

By the SSLN, the last term in (4.13) does not influence the A-a.s.
convergence of (4.13) to G(y); see (3.6). But it can drastically change the
limiting distribution of the variable

AP, )= a’-lim A, j;h(-))

_d-hm {B/NIGD(E s h(-) =GP y§0 ()1} (4.14)

Using the line of reasoning of Lemma 4.1, we distinguish the following
cases:

(a) p>1/2. Then the external field is switching out oo fast to
change the distribution of the random variable (4.14). So,
AP, i (4)) = A(0; D) [cf. (4.3)] and we get the same results
(4.1) and (4.10) as for hy,=0.

(b) p=1/2. Then by (4.13) and Lemma 4.1 we get for (4.14) that

lim 4%="(i, jih(-)) == A7(0; Dy) + ho( yoy— Vo) (4.15)

A1Z

Therefore, by (4.9) we obtain for the distribution of the
dichotomous variable #(-)e {0; 1} the following:

Pri«(- —1}_( Dl )1/2j dXpr{ [x+h0(20221_y01)]2}

Pr{r(-)=0}=1—"Pr{s(-)=1)}

(4.16)

(c) O0<p<1/2. Now the external field in (4.12), (4.13) is switching
out too slowly and formally corresponds to hy,— oo (as
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ho~N'2=?) in the case (b). Then by (4.15) and (4.16) we get
that {¢%(h(-))}, converge to a degererate random variable:

(4.17)

Hm 1%)(h(-)) fas {1 i‘f Sign[ho(J’oz— Yo)]l=1
ATZ 0 it sign[ho(yo,— yor)]l= —1
Consequently, the quasi-average method (4.12) gives the following limiting
Gibbs states:

(a) PYZYI(;h(-))=P,(-;h(-)); see (4.10).

(b)  PY=Y(h(-))=1(¢) PO h(-)+por) + (L= t()) P (-sh( ) + yoo),
where by the amplitude k, in (4.12) we can vary the distribution
of the dichotomous random variable #(-)e{0;1} from
Pr(¢(-)=0)=1/2 for hy=0 to Pr(z(-)=0)=0 or 1 for
ho( Yo — Yoi) — + o0, respectively [see case (c)].

(c) PY=YP(-;h(-)) coincides, in this case, with one of the pure
states PO(-;h(-)+ yo;) or PO(-;h(-)+ yo,) according the rule
(4.17).

Thus, summarizing, we get the following statement about the structure of
the random IVGS for the Curie-Weiss RFIM in the case when card
M(v; )< 2.

Theorem 4.2. Assume that the conditions of Theorem 4.1 are
satisfied. Then by the quasi-average method (4.12) one gets that the
infinite-volume Gibbs states for the Curie—Weiss RFIM are the random
mixtures of pure (free) states:

P (4;h(-))=t(x) P(A;h(-) + yor)
+ 1 =101 POULB() +y0o), A€ B(F) (418)

Here the dichotomous random variable #(-)e {0; 1} has distribution (4.16)
defined by the “fading out” of the infinitesimal external field in (4.12). The
extreme cases p>1/2 and 0< p <1/2 correspond formally to #,=0 and
hy— £ o0, respectively.

Remark 2.4. By t(-)[1—(-)]1=0 one gets that for each realization
of ye X the state (4.18) is pure. So, in contrast to the nonrandom CW
model,®'® the coefficients in the decomposition (4.18) can never be
mixing, i.e., 0 <t(y) < 1.
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5. EXAMPLE AND DISCUSSION

First we illustrate our results for the simple case of the dichotomous
fields, with probability density

av(h)/dh=1/2[6(h— H)+ 6(h + H)]

It is clear that in this case function G 4(y; h) [see (3.3)] may be rewritten
as

G=60) =5z (5 £ ) e 5.1)

where G(y) is an even function given by (3.6), and g(y) is the odd function

¢(y)=In {cosh[/}(y+ H)]}
cosh[ B(y — H)]

Here 8 ' =0 is the temperature of the system.

This model has been carefully studied by Salinas and Wreszinski, %
and it has been shown that there is H.=1/2 such that for H> H the
function G(y) will have only one global (quadratic) minimum of the type 1
at y=0, i.e, m=1, k= 1; see Definition B.1.

For 0 < H< H there is a decreasing continuous function 8.(H) of
critical temperatures such that 6,(0)=1 and 8,(H)=0; for 8 > 0_(H) the
system is in the paramagnetic phase, while for #<6,(H) the function
G(y) has two different symmetric global minima of the type 1 (m=2,
ky=k,=1). See Fig. 1.

At the curve 8,=0,(H) the situation is the following. There is H, >0,
H,< H_, such that if H < H,, G(y) has one global minimum of the type 2
(m=1,k=2)at y=0. If H= H,, again there will be only one global mini-
mum at y=0, but of the type k=3. This is a so-called tricritical point.
Finally, if H, < H< H_, then G(y) will have three quadratic global minima
(m=3, k;=k,=k;=1), one at y=0 and the other two symmetric. See
Fig. 1.

In all the cases when m=1 (k=1, 2) we get a {unique) random Gibbs
state which coincides with the free Gibbs measure P'(-; h) because y,=0;
sec Remark 4.3. The same follows immediately from the representation
(5.1): g(yo=0)=0 and G ,{(y,;h(-)) is independent of h. Hence, Defini-
tions 2.1 and 2.2 in this case coincide.

If m=2, k,,=1, then the problem of the structure of the IVGS
is completely resolved by Theorem4.1 and Corollary4.1 (see also
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®C ‘U

\/\/ A
0.5 C

! \

‘wwwu

0.0 H ﬁos

0.0

Fig. 1. Phase diagram for the Curie-Weiss RFIM with #,= +H and the evolution of the
shape of the function G(y) [see (5.1)] near the bottom. The solid line corresponds to the
critical points. The points on the dashed line correspond to the first-order phase transitions.

Remark 4.1). Again, one could deduce these results directly from the
representation (5.1) and the simple structure of the random variable

o) 1
4,2, 1;h(-)) = 80 W) Vo= —yo=y*>0

H \/_]e/l

[see (4.6) and (4.9) or (B.5) and (B.6)]. Then by (5.1) one has the events

{h yOl)ah)>(<)GA(y(()/21)!h)}

Therefore, by the central limit theorem for (l/ﬁ ) 2 ;e 4 h;(+) one obtains
from (49) that Pr{s(-)=0,1}=1/2. Using the quasi-average method
(4.12), we can change this distribution as explained in (4.16).

For m=3 (k; ,3=1), G4(0:=0; h(-)) =G (o) and this minimum
has to be taken into account together with —y,, = yo; = y* >0 if the event
{h: (1/\/' )X ;eq hj—>0} occurs as A1Z; see Corollary B.2. But the
probability of this event is zero and by the above arguments we get

lim Prlh: G,(y5P; h) <m1n[G,1(y§{2“, h), G (y§;h)]}

ATZ

= lim Pr{h: G (»§§’; h) <min[G ,(y{; h), G(y§sh) ]} =3
ATZ
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Therefore, in decomposition of the random IVGS we get three
dichotomous random variables {t(-)=0,1}3_,, but in contrast to
Remark 4.2, the correlations between them are trivial because of
Pr{r®(.)=0} = 1. Hence, 1)(-) = (1 —¢t®(-)) and Pr{r(-)=0, 1} =1/2.
Again, using the quasi-average method (4.12), one can change these
distributions.

For this exactly soluble model we can investigate the relation between
IVGS in the sense of Definition 2.2 and the compactness arguments; see
Corollary 3.1 and Remarks 3.1, 3.2.

For m=1 (k=1,2) these arguments lead to the same result implied
by Definitions 2.1 and 2.2; see Remark 3.1. If m=2 (k;,=1), then by
Corollary B.2 we get

le taldy;h) o(y) = 14(0) (yg1) + [1 - ,(0) ] @(yH)+ONT')  (52)

where 417 and

1

32G 4(y§0; h)]2 -
qgh):={1+-[5§6;%§%ﬁiﬁ] exp[-VﬁGAA(z,uln]} (5.3)

For J-aa. fixed he { —H, H}” and any fixed keZ' one can choose a
subsequence {A%(h)}, so that

hy=kH,  |4;9(h)|=NP(h) (5.4)

je AF(h)

and N{’(h) - oo, as n— co. Below we put 4% (h)= A, and N®(h)=N
for short. Then we get [see (5.1)]

n

G (yih)=G(y)— g(y) (5.5)

k
2BN,

and the equation

k 1 k
y=%<1+ﬁn>tanhﬁ(y+H)+§<1—Fn)tanhﬂ(y—H) (5.6)

which defines the minima {y§/”},_, ,. Using the same line of reasoning as
in the proof of Lemma B.4, we get the results

1
ygi": yoi-ﬁ-ﬁ' (Zl(-n), i= 1, 2 (57)
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where {«!”} are some bounded sequences. As mentioned above, in our
case —yo = Yo =y*>0. Here y* is a positive solution of the equation

y=+[tanh B(y + H) + tanh f(y — H)]
Therefore, when 4,1 Z, we obtain from (4.2), (5.3), and (5.7) that
t4,(h)={1+exp[~kg(y*)1} '+ O(N ") (5.8)

Hence, in the case m=2 the set {u,(dy;h)}, of all weak accumulation
points for the measures {u (dy;h)}, can be described as

{(1+exp[—kg(y*)]) ' o(y+y*)+ (L +explhg(y*)]) 7 8(y — ¥y*) fhcm
(5.9)

The corresponding family of the infinite-volume (quasi-free) Gibbs states
has the form (3.7).

In the case of m=3 (k;,3=1) we have {yo;= —y* yo2; yos=y*}.
By the same choice of subsequence {4%)(h)}, (5.4), using (5.5) and the
arguments of Remark 42 and Lemma B.3, we obtain for the family
{1 (dy;h)}, of the weak accumulation points in this case the following
representation:

1 k
o * 5 * 5
{Zk(y*)[exp< 2g(y )> (y+y*)+d(y)

k
+ exp (5 g(y*)> 5(y—y*)]}k . (5.10)

Here Z,(y*)=1+2cosh[3kg(y*)]. The corresponding family of the
infinite-volume (quasi-free) Gibbs states again is described by (3.7).

Finally, we discuss the problem of the conditional self-averaging for the
Curie—-Weiss RFIM; see Definition 1.1 and Remark 1.1. For m=2
(k;,=1) according to the line of reasoning of Theorem 4.1 we get for
the magnetization

ste 4

mh) =1 T T sPshh)

which is a random variable on the probability space (RZ% Z(R%);4)
[see (3.1) and (4.8)], that

my(h)= Y, %z tanhﬂ(ygf)+hj)_tﬁ’(h)+o(1) (5.11)

i=1,2 %Y jea
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as N— . Here t)=1—1¢']), (4.8). By the same theorem one also gets
that the random variables

Z(Al)(h)_'IAA(z,l;h)>0_/L’0 (5.12)

as A1Z, in probability. By (5.1) and by the definition of the random
variable ¢, =sign((1/s/N) 3. , ;) we obtain

[AA(Z,I;h)>(<)O=IcA: +(—)1

Here 7, , is the indicator of the event {-}. So, using (5.11) and (5.12), by
Definition 1.1 and Remark 1.1 we obtain for the magnetization that

tim [ 4(h) —E(m,(h) | ¢,,)] — 0 (513)

Therefore, for A large enough, it is close to the random variable which
is a conditional expectation for given algebra generated by atoms
D, (A)={h:c,(h)= +1}. This property we call the conditional (or partial)
self-averaging of magnetization (ref. 23; cf. ref. 22).

For m=3 (k, ,3=1) [see (5.10)], by the above arguments about the
structure of the IVGS, we get the same limit (5.13).

APPENDIX A

Suppose that for each ie Z of an arbitrary integer lattice Z, we have
a copy & of the site-configuration space %= {—1,1} (Ising spin). Then
the product space & =11,.z & is the space of the Ising spin configurations
s= {5,},. for the system on Z. For any finite subset 4 =Z we define a
projection 7418 > 8* = {5;},. 4; |4]| < oo is the cardinality of A.

Let I,= {i,,...,i,} ©Z. Then C,(B,)={s€ ¥ {s;};c,€B,=F "} isa
cylinder set in & with base B, and support I,,. If we denote by #(<) the
o-algebra of the subsets in % generated by all cylinder sets C(%), then
(&, B(F)) is a measurable space.

Proposition A.1. The set .#(%) of all Borel probability measures
on the measurable space (¥, #(¥)) is compact with respect to the topol-
ogy of weak convergence and P,= P in .# (%) if and only if P,(C)— P(C)
for all cylinder sets Ce C(%).

Let #4(8)= {se #:5,=5,, je A=Z\A}. Then the sequence {P,},-,
is specified by the extensions {P, (-)},. on #(¥) of the finite-volume
Gibbs measures {P, (-)},>, for increasing sets A, 4, , 4,1Z. Here
P, (A)=P  (n4(4 0 F8))) for AeB(F).

822/66/1-2-11
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The finite-volume measure P, for the temperature ' is defined by
the Gibbs ansatz:

exp{ —BH (s [5")} _
Tt gaexp{ —BH ,(s"|57)}

Py ost)= (A.1)

where H ,(s*|§7) is the Hamiltonian of the system in the finite vessel A
with the external (boundary) condition §° = 7 3(3).

Definition A.1. We say that the probability measure P on #(¥)
is an infinite-volume Gibbs state for the system (A.1) if it belongs to the
closed convex hull %; of the set of weak accumulation points of the
sequence {P, ()} o for ATZ.

Hence, the triple (&, (%), P) is the infinite-volume Gibbs probabil-
ity space.®”

Remark A.7. Recall that a probability measure P on #(%) is called
a DLR state (limiting Gibbs measure''"®) for the system (A.1) if for each
finite set 4 = Z and configuration s* e % the corresponding conditional
probability with respect to the o-algebra B;(%) generated by all cylinder
sets with supports 7 < A satisfies the DLR equation:

Pl (s") | Ba(F)}(s)=P 1 4(s") (A2)

P-almost sure, for s =s| A and s*=s|1; cf. (A.1).

If P is a measure on #(%), we define its projections (marginals)
pr=Pon;' on B(¥T) by p{A)=P(n;'(A)), Ac B(FT). If AcT, then
by definition of the cylinder sets one gets n,'(B)=n,'(Bx %" \4) for
Be #(#*). Therefore, measures p, and p, are related by the consistency
conditions:

pa(B)=pr(BxF""),  BeB(S") (A3)

By the Kolmogorov theorem (see, e.g., ref. 25) one can reverse this proce-
dure and construct on #£(%) a probability measure using the marginals
satisfying (A.3).

Proposition A.2 (Kolmogorov’'s Theorem). Let {p,},_,.
|I'| < oo, be a family of probability measures on {#(¥’),_, which are
consistent in the sense of (A.3). Then there exists a unique probability
measure P on #(%) such that Pon;'=p, for all finite I' < Z.
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APPENDIX B

Here we list the statements about the Laplace method which are
needed in Sections 3-5. The main difference from the standard Laplace
method (see, e.g., ref. 28) is contained in the randomness of the function

1 1
Galysh)=3 yz—ﬂ—N _Z In cosh[ f(h;+ )] (B.1)

jed

where the random field h= {/,} ;. , is the sequence of i.i.d.r.v. in the prob-
ability space (RZ, #(R?%), ). Here A is the infinite-product measure:
di=T1,., dv; with identical one-dimensional marginals v(x)=Pr{/,< x}.

Lemma B.1. Let the probability measure v be such that
{rdv(x)|x| <oco. Then the function G(y)=3y>~f~'E, {In cosh[ f(h;+ y)1}
[cf. (3.6)] is infinitely differentiable on R [Ge C*(R)] and

A-a.s.

+lim 4G ,(:b) 22 84G(y), k=0 (B.2)

uniformly on any compact K< R.

Corollary B.1. If y,e(q, b), 0§G(y0)>0, and G(y,) < G(y) for
ve(a, b) and y # yq, then there is N, such that, for N> N, and for 1-a.a.
heR” there is a sequence {p{"},<=(a, b) such that G, (y{";h)<
G (y;h) for ye(a, b) and y # y,, and y§{* > y,, as A1 Z, i-as.

Definition B.1. Let y,eR correspond to a minimum of the
function f(y) and

A
f(y)=f(y0)+m(y—y0)2k+o[(y—y0)2"] (B.3)

as y — y,. Following ref. 28, we call k the type and A=03f(y,)>0 the

strength of the minimum p,,.

Below we list the statements which we need for the proof of
Theorem 4.1. They are nothing but an extension of the standard Laplace
method to the case when the measures {u,(dy; h)}, are random.*>

Lemma B.2. Let the function G(y) have on the interval (g, b) the
minimum y, of the type k = 1. Then there is a compact V'=[—4,4d], 6>0,
and functions y ,= y 4(¢), y= p(¢) on this domain such that

Gy a(1) =G a(ya()+ y§3 ) = G4(y6"; by =17

G(1)=G((1)+yo) = G(yo) =17,  teV
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In addition, 8,y,(r=0)=[2/02G (y§";0)]1"? and 37y (1) = 37y(¢), as
A1Z, uniformly on ¥ for n>0 and J-a.a. he RZ.

Lemma B.3. Let the conditions of Lemma B.2 be satisfied and in
addition {¢,(y)}, <= C?[a, b]. Then the integral

L@, 6)= [ dy @.(») expl — NG ,(y: )]

has the following asymptotic form for N —» oo and A-a.a. he RZ:

2 1/2
IA(a’ b):exp[_ﬂNG (y((]A),h)] {ﬂN@zG 7E:y(/l). h)}
yIalde

x [o4(rg")+O(N"1)] (B.4)

Corollary B.2. Let {y,}7, be the set of global minima of G(y) of
the equal types {k(yo)=1}7_, and {©4(»)} 1= C*R). Then one gets the
following asymptotic form for the integral

. “ A ~1 WA z(yo, )
J bl 0.03) = T Toa60) + O] Gt (B5)
as N — oo. Here
W, () =exp[ — BNG (y: )] {2 1" B.6
)= PLING W) sk (B6)

and he RZ%,

Finally, the fluctuations which appear due to the dependence of
G,(y;h) on the random field configuration heR?* are controlled by
Lemma 4.1 and the following.

Lemma B.4. Let y, be a global minimum of G(y) of the type k=1
and { y"‘)} be the sequence of minima of the functions {G ,(y;h)},,
converging to y, (see Corollary B.1). Then for the A-a.a. configurations h
we have asymptotically

¥6" = yo=o(N"12%) (B.7)

as N — oo, for an arbitrary small ¢ > 0.
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Proof. Let y4(y;h)=(1/N) % ;. ,tanh f(h;+ y). Then by the defini-

tion of the points y$* and y, we have

y§0 = vo= [ A(¥5 0y =¥ 4(yos W)+ [¥ 4(yo; h) — o]
=0, 4(¥o+04(yo; M) ¥5 = yo)i h)
X (p§" = yo)+ ¥ 4(yos ) = o] (B.8)

where 0<8,(y;h)<1 for any 4, y and A-aa. h. By Lemma B.l1 and
Corollary B.1 for k =1 there is N, and the interval [a, #]3 y, such that for
N> N, one has y§{"e(a b) and 0,y (y;h)<y<1 for ye[a,b] and
4-a.a. he R% Hence, using (B.8), we obtain for N— oo (and i-a.a. h) the
following asymptotic relation:

1 1
Y — yo=0 {ﬁﬁ Z [tanh B(h;+ y,) —E, tanh(h, + yo)}} (B.9)
jeda

Now, the assertion of the lemma is the consequence of the law of the
iterated logarithm applied to the arithmetical mean of the iid.r.v. in the
right-hand side of (B.9). H

ACKNOWLEDGMENTS

We thank Reimer Kiihn for helpful discussions and Donatas Surgailus
for valuable remarks. We acknowledge Senya Shlosman for enlightening
discussions. This work was partially supported by a CNPq grant.

REFERENCES

1. R. L. Dobrushin, Theory Prob. Appl. 13:197 (1968); 15:458 (1970).

2. O. E. Lanford and D. Ruelle, Commun. Math. Phys. 13:194 (1969).

3. H.-O. Georgii, Gibbs Measures and Phase Transitions (Walter de Gruyter, Berlin, 1988).
4. Ya. G. Sinai, Theory of Phase Transitions: Rigorous Results (Pergamon, Oxford, 1982).
5. V. A. Malyshev and R.A. Minlos, Gibbs Random Fields. The Method of Cluster
Expansions (Dordrecht, Reidel, 1991).

R. A. Minlos, Funct. Anal. Appl. 2:60; 3:40 (1967).

D. Ruelle, Ann. Phys. (N.Y.) 25:109 (1963).

J. G. Brankov, V. A. Zagrebnov, and N. S. Tonchev, Theor. Math. Phys. 66:72 (1986).

. N. Angelescu and V. A. Zagrebnov, J. Stat. Phys. 41:323 (1985).

N. Angelescu and V. A. Zagrebnov, in Proceedings of the IV Vilnius Conference on
Probability Theory and Mathematical Statistics, Yu. V. Prohorov et al., eds. (VNU Science
Press, Utrecht, The Netherlands), Vol. 1, p. 69.

11. M. Fannes, H. Spohn, and A. Verbeure, J. Math. Phys. 21:355 (1980).

12. D. Petz, G. A. Raggio, and A. Verbeure, Commun. Math. Phys. 121:271 (1989).

13. G. A. Raggio and R. F. Werner, Helv. Phys. Acta 62:980 (1989).

ISR SR S

—



164 Amaro de Matos et al.

14.
15.
16.
17.
18.
19.
20.
21.
22.
23.

24.
25.
26.
27.

28.

E. Stermer, J. Funct. Anal. 3:48 (1969).

R. Griffiths and J. Lebowitz, J. Math. Phys. 9:1284 (1968).

L. A. Pastur and A. L. Figotin, Theor. Math. Phys. 35:403 (1978).

D. Fisher, J. Frohlich, and T. Spencer, J. Stat. Phys. 34:863 (1984).

G. A. Raggio and R. F. Werner, Europhys. Lett. 9:633 (1989).

M. Aizenman and J. Wehr, Commun. Math. Phys. 130:489 (1990).

S. R. Salinas and W. F. Wreszinski, J. Stat. Phys. 41:299 (1985).

N. Duffield and R. Kiihn, J. Phys. 4 22:4643 (1989).

J. Amaro de Matos and J. F. Perez, J. Stat. Phys. 62:587 (1991).

V. A. Zagrebnov, J. Amaro de Matos, and A. E. Patrick, in Proceedings of the V Vilnius
Conference on Probability Theory and Mathematical Statistics, B. Grigelionis et al,, eds.
(VSP BV, Utrecht/Mokslas, Vilnius, 1990), Vol. 2, p. 590.

A. E. Patrick, Acta Phys. Polonica A 77:527 (1990).

A. N. Shiryayev, Probability (Springer-Verlag, New York, 1984).

M. Kac, Phys. Fluids 2:8 (1959).

M. Reed and B. Simon, Methods of Modern Mathematical Physics, Vol. 1: Functional
Analysis (Academic Press, New York, 1972).

R. S. Ellis, Entropy, Large Deviations and Statistical Mechanics (Springer-Verlag,
New York, 1985).



